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ABSTRACT

Weight sharing lets a transformer reuse computation, but it does not explain how
training turns repetition into an iterative procedure. We ask whether the loop
allowance during training shapes computational progress. We study simple se-
quence tasks with closed-form target definitions and exact answers at every po-
sition. Decoding each intermediate model state often reveals an accurate prefix
that advances through the input. We call its leading edge a computation frontier.
A budget specifies nominal demand in positions to resolve per loop. For mea-
surable frontiers in the permutation-product sweep, speed is approximately
proportional to this demand. State interventions in selected models provide
additional evidence for dependencies organized around this frontier. An exact
fixed point is a state that further updates leave unchanged. We establish why
local measurements there cannot uniquely identify the preceding computation.
Changing the training tasks or the loop allowance separates learning an opera-
tion from reusing it. Extra loops can advance an unfinished answer, yet can
also change one that is already correct. Measurements at training lengths have
task-dependent associations with longer-sequence accuracy. These findings con-
nect training budgets to observable iterative progress and motivate measuring that
progress before outputs settle.

1 INTRODUCTION

Looped transformers repeatedly apply a shared neural block to an evolving hidden state (Dehghani
et al., 2019; Geiping et al., 2025; Zhu et al., 2025; Saunshi et al., 2025). They can therefore spend
more computation on an input without adding parameters. This flexibility is attractive when longer
inputs require more work. Its value depends on what the repeated updates accomplish. Extra loops
can advance an unfinished computation or revisit an answer that is already available. The training
objective must select how the model uses its recurrence.

Architectural recurrence alone does not reveal the learned procedure. A successful final answer also
leaves its intermediate computation unobserved. Measurements made after the hidden state stops
changing have a related ambiguity. An exact fixed point is a state that the shared update leaves
unchanged. The specified local measurements then repeat across later loops, regardless of how the
model reached that state. We therefore study the earlier trajectory. Our central question is how the
training loop budget shapes computational progress and how that progress relates to generalization.

We choose tasks with simple descriptions and closed-form target definitions. Each position has
an exact answer that can be checked independently of the model. Prefix parity reports whether
each binary prefix contains an odd number of ones. Increment-with-carry adds one to a decimal
number presented from its least significant digit. Its outputs are the incremented digits. Group
prefix products compose a sequence of operations and report their cumulative composition at each
position. All tasks use per-position sequence prediction. This common format exposes where an
answer becomes correct and when it changes during recurrence.
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Figure 1: A shared update and its observable progress. The center shows an expanding correct prefix.
The right panel illustrates possible stabilization-time profiles as input length grows. All panels are
conceptual and contain no measured results. Growth profiles do not uniquely identify algorithms.

The group tasks provide controlled contrasts in the operation being composed. In Z60, composition
is addition modulo 60. In S4 and S5, inputs permute four and five objects, respectively. The product
is their cumulative reordering. The group A5 restricts the latter task to even permutations. These
are reorderings expressible using an even number of pair swaps. A5 matches the number of possible
states in Z60 while changing the algebraic structure. Addition is commutative, whereas these per-
mutation products generally depend on operation order. Prior analyses give task-specific shortcuts
and conditional bounds on circuit depth (Liu et al., 2023; Barrington, 1989; Merrill & Sabharwal,
2025). Appendix G states the computation models and assumptions. Simple target definitions thus
provide experimental control without making every task computationally easy.

Several procedures can produce the same target sequence. A model can accumulate operations se-
quentially. It can also combine partial products in parallel because group composition is associative.
Some tasks admit further shortcuts. We do not prescribe one of these procedures through the labels.
Instead, we vary the available loops and observe the resulting computation. Controls also vary when
inputs become visible, the capacity of the shared block, and the extent of weight sharing. These
comparisons distinguish task structure from the constraints imposed by the architecture and training
schedule.

Figure 1 summarizes the measurement idea. Our measurements decode an answer from every inter-
mediate state using the same trained readout. Output-stabilization time describes when a prediction
settles within the observation window. It records the first observed loop after which the prediction
remains equal to its final recorded label. A computation frontier tracks the end of a contiguous pre-
fix that meets a specified accuracy criterion. Its speed describes how quickly this prefix advances
through the input. These quantities measure observable progress without assuming that readable
answers reveal every internal computation. Replacing selected intermediate states provides a com-
plementary test of which positions and loops influence subsequent predictions.

In the studied S4 sweep, frontier speed scales approximately proportionally with the nominal
training demand. This demand is the inverse of the specified loops per input position. The relation
is measured among models with observable frontiers, and its form depends on the task. Curriculum
and transfer experiments further distinguish learning an operation from applying it repeatedly under
a different loop allowance. The association between progress at training lengths and longer-
sequence accuracy depends on the task. We make the following contributions.

1. A framework for measuring iterative progress. We define output stabilization and frontier
motion. We establish what the specified local measurements cannot reveal at an exact fixed
point. Input-release controls and state interventions help interpret the resulting trajectories (§3,
§4).
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2. An empirical connection between training budget and computational pace. We characterize
the relation between demand and speed in the studied permutation task. Comparisons across
tasks, model capacities, and weight-sharing patterns establish its observed scope (§5).

3. A comparison of learning, adaptation, and generalization. Curricula and budget transfer
separate learning the operation from reusing it. Measurements at training lengths reveal task-
dependent associations with accuracy on longer inputs (§6, §7).

2 SETUP

Tasks with explicit targets. We use sequence tasks whose answer is known at every position. For
an input of length n, position i ∈ {1, . . . , n} has target yi. This lets us score intermediate predictions
without fitting a separate probe. The tasks have compact closed-form specifications. They remain
informative because the same targets can be computed by different procedures.

Our main task is a group prefix product. A group G is a set of invertible operations with an asso-
ciative composition ◦ and an identity operation 1G. Given operations g1, . . . , gn, the target at each
position is their cumulative composition,

p0 = 1G, yi = pi = g1 ◦ · · · ◦ gi = pi−1 ◦ gi. (1)

Associativity allows a model to combine subproducts in parallel. The recursive form also admits a
serial accumulator. The target therefore specifies what to compute without prescribing how many
loops the model should use.

A prefix as an observable subproblem. Consider a group input whose prefix ends at position
i. Its target pi summarizes every operation seen up to that position. The next target is pi ◦ gi+1.
A serial procedure could carry this product forward and apply the next operation. An associative
procedure could instead combine products of separate input segments. Both procedures produce the
same supervised answers. The model is free to learn another representation of these dependencies.

This makes intermediate decoding useful without treating it as a complete trace of the internal algo-
rithm. If a prefix is correct at a recorded loop, its answers are already available through the trained
readout. Later positions can remain incorrect at that same loop. A subsequent update may extend
the correct prefix or change an earlier answer. The schematic in Figure 1 illustrates the extending
case. Recording the trajectory reveals which behavior occurs in a model. State interventions then
ask whether the readable progress corresponds to consequential intermediate states.

The task family varies the algebra while retaining this interface. In Z60, composition is addition
modulo 60. In S4 and S5, inputs are permutations of four and five objects. Their targets are cumu-
lative reorderings. In A5, inputs are the even permutations of five objects. These groups distinguish
properties that are otherwise easy to conflate. Commutativity means that changing the order of oper-
ations leaves the product unchanged. Z60 is commutative, whereas the permutation groups are not.
Solvability is a different algebraic property, defined in Appendix G. S4 is solvable, whereas S5 and
A5 are not. Finally, A5 and Z60 have equally many elements. Their comparison controls the number
of possible input and output symbols while changing the algebra.

We also use prefix parity and decimal increment to calibrate the measurements. Prefix parity outputs
whether the number of ones seen so far is odd. For input bits bj , its target is yi = (

∑i
j=1 bj) mod

2. Decimal increment adds one to a digit string presented from the least significant digit to the
most significant. The output digit changes only when every preceding digit is nine. This gives a
direct target formula and a familiar carry-propagation procedure. Both tasks allow shortcuts, so
neither forces the model to follow the familiar sequential procedure. Exact generators and algebraic
definitions are given in Appendix G.

Shared recurrent computation. We prepend a beginning-of-sequence token, abbreviated BOS,
at position i = 0. The model therefore receives N = n + 1 tokens. Each token is mapped to a
learned vector, giving the input embedding e ∈ RN×d, where d is the hidden width. The hidden
state ht ∈ RN×d records the representation after t completed loop updates. In the free-input setting,
the initial state h0 is a learned scalar multiple of e. A loop applies a transformer module Fθ with
parameters θ. The module contains attention and feedforward layers. The same parameters are
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reused at every loop. A trained linear readout W maps each normalized state to class scores,

ht+1 = Fθ(h
t, e), ŷti = argmax

c
[W LN(ht

i)]c. (2)

Here LN denotes layer normalization and c indexes the possible output classes. The readout is
shared across recorded loops and is trained on the task itself. Intermediate predictions therefore use
the model’s own output map. Some configurations also reintroduce e through a learned adapter at
each loop, a procedure called input injection (Bansal et al., 2022). Attention is causal, so position i
can use preceding positions but cannot access later ones. Architecture sizes and positional encoding
controls appear in Appendix G.

Budgets and input availability. The loop budget is the number of recurrent updates allowed for a
sequence. We distinguish the training allowance Ttr from the observation horizon T used to record
an evaluation trajectory. For training length ntr, the ratio ntr/Ttr measures the realized demand
in positions per allowed loop. The archived proportional-budget fit uses nominal demand, the re-
ciprocal of the specified loops per position. Integer rounding can make these ratios differ. Higher
demand leaves less time for each position. We compare budgets that are fixed, grow logarithmi-
cally with length, or grow in proportion to length. This tests how the training allowance shapes the
learned procedure (Li et al., 2020; Graves, 2016; Banino et al., 2021). The experiments use a length
curriculum, which gradually introduces longer sequences (Merrill & Sabharwal, 2025).

In the main setting, all input tokens are available from the start. We call this free input availability. A
streaming control reveals tokens in sequence as loops proceed. Streaming enforces sequential access
to information, while free inputs permit parallel computation. The control therefore supplies a refer-
ence for delayed information arrival. It does not prescribe a unique internal algorithm. Appendix G
specifies the schedules and release rule.

3 WHAT FIXED-POINT MEASUREMENTS CAN ESTABLISH

The same final answer can be reached by different computations. To understand a repeated update,
we must therefore distinguish its progress from its eventual stationary behavior. With free input
availability, write Φ(h) = Fθ(h, e) for the fixed update map. A fixed point is a state h⋆ satisfying
Φ(h⋆) = h⋆.
Proposition 1 (Tail blindness, informal). Suppose the trajectory reaches an exact fixed point and the
update map is differentiable there. Removing subsequent updates leaves the state unchanged. Local
derivatives of the update also coincide at subsequent loops. A deterministic measurement based only
on that state and its local derivative has the same reading at each such loop. These readings do not
uniquely identify the preceding computation.

The local derivative, or Jacobian, describes how a small perturbation to the current state affects the
next update. Once the state is fixed, this derivative is evaluated at the same point each time. This
explains the proposition without assuming any particular training method. Appendix E gives the
formal statement, proof, and bounds for approximate fixed points.

At an exact fixed point, the specified local measurements do not uniquely identify the preceding
computation. They can describe the final state and its local response to a perturbation. Our question
instead concerns the progress that led to that state. We therefore read the model throughout the
trajectory. The proposition is conditional on reaching a fixed state. An unchanged predicted label
alone does not establish this condition.

4 THE OUTPUT-STABILIZATION INSTRUMENT

When each answer settles. We decode every supervised position after every completed update.
For a chosen observation horizon T , the stabilization time at position i is the earliest recorded update
after which its predicted label remains equal to the final recorded label,

τ(n, i) = min
{
k ∈ {1, . . . , T} | ŷti = ŷTi for every t ∈ {k, . . . , T}

}
. (3)

We summarize each input by its latest supervised stabilization time, max1≤i≤n τ(n, i). The re-
ported sequence-level statistic is the median over inputs whose entire final output is correct, denoted
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τmax(n). This condition separates the timing of a correct answer from the ability to solve the task.
Accuracy is retained separately for all evaluated inputs. The unsupervised BOS position is excluded.

The resulting profile shows where predicted answers settle as computation proceeds. A profile that
moves steadily along the sequence is consistent with sequential progress. A profile that changes
more slowly with sequence length can indicate a different organization of the computation. These
are finite-range observations. They do not by themselves classify asymptotic computational com-
plexity. The streaming control helps interpret the profiles because later answers cannot use informa-
tion before it arrives. Appendix F reports calibration and eligibility rules.

How far the solved prefix advances. Some models make reliable progress without solving the
whole input. For these cases, we measure a computation frontier. At loop t, let ct(n) be the length
of the initial contiguous prefix whose positions each meet a fixed batch-accuracy threshold. The
frontier thus records how far reliable answers extend along the sequence. A frontier rate v sum-
marizes the number of positions gained per loop. Prefix completion is the fraction cT (n)/n at the
chosen horizon. In the prediction comparison, completion uses the native allowance assigned by
each model’s trained loop schedule. In the archived budget analysis, frontier speed is an endpoint
rate,

v =
cb(n)− ca(n)

b− a
, (4)

where a precedes the first positive frontier increment and b marks the last positive increment. The
rate is defined only when there are enough increments to measure progress. We inspect the full
trajectory alongside this summary because the endpoint rate can span stalls or regressions.

Keeping measurement conventions distinct. Stabilization concerns decoded labels, which can
stop changing while hidden states continue to evolve. Both stabilization and frontier rates also
depend on the observation horizon. A later label change can alter the measured stabilization time,
and additional loops can alter the endpoint used for the rate. Appendix F records the archived timing
convention separately from Eq. 3. Appendix G distinguishes the archived endpoint rate from the
first-passage rate used in the corrected prediction analysis. The latter stops at the first attainment
of the largest observed prefix. Each empirical summary retains its own estimator and window.
This keeps an observed difference between protocols separate from a difference between learned
computations.

4.1 READING THE EXPERIMENTAL COMPARISONS

Competence and progress. We distinguish correctness of a whole answer from correctness of its
parts. Exact-match accuracy is the fraction of inputs for which every supervised output is correct.
Per-token accuracy is the fraction of supervised positions predicted correctly across the evaluated
inputs. These scores answer different questions. A model can get most positions right while making
an error on nearly every sequence. Exact match captures completion of the task. Per-token accuracy
retains information about partial success. Neither score alone describes when the correct predictions
appeared.

The trajectory measurements add temporal and spatial information. Stabilization summarizes final-
solved inputs, while accuracy includes both solved and unsolved inputs. Frontier estimation uses
accuracy across a batch at each position. It can therefore describe a reliable prefix even when few
entire sequences are correct. Prefix completion is a fraction of positions passing this batch criterion.
It is not the fraction of fully solved inputs. A correct region beyond an unreliable position also does
not extend the contiguous frontier. This convention keeps progress along the sequence distinct from
isolated correct predictions.

Training pressure and available computation. Changing the allowance during training asks a
different question from adding loops during evaluation. The budget sweep compares models trained
with different allowances. Evaluation loop sweeps instead keep a trained checkpoint fixed and vary
how long it executes. Budget transfer occupies an intermediate role. It starts from an existing
checkpoint and continues optimization with a changed allowance. These comparisons distinguish
the dynamics learned during training from the usefulness of extra computation after training. They
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also distinguish adaptation of an existing model from learning under a schedule from initialization.
Recipe and curriculum differences within the archived sweep are recorded in Appendix G.1.

Capacity and sharing. The capacity comparisons change the amount of processing available in-
side each recurrent update. Increasing block depth adds successive transformations before the next
loop begins. Increasing width expands the representation carried through those transformations.
A loop count therefore has to be interpreted together with the shared module that it repeats. The
tying comparison asks a separate question about reuse. It holds total executed depth fixed while
changing how many distinct parameter groups occupy that depth. Keeping width fixed then changes
the parameter count. Matching parameters instead requires changing width. We report these de-
signs separately because they hold different resources fixed. The capacity cohorts also retain their
recorded optimization settings.

Learning an operation and composing it. The curriculum comparison changes the allocation
of training across chain lengths. Pair composition presents the local operation directly. Longer
sequences require repeated composition of the same operation. Allocating more training to the initial
pair task tests whether a stronger starting point helps learn longer chains. It changes exposure to the
local operation as well as the training schedule. We therefore compare local learning, competence on
trained lengths, and competence on longer lengths as separate outcomes. The exact stage allocations
are given in Appendix G.

Information availability. Streaming changes which inputs can contribute to an update. The tar-
get sequence remains the same, but unrevealed tokens have no available embedding and cannot be
attended to. A delayed answer may then reflect delayed information rather than slow processing of
an already visible input. Comparing this control with free inputs helps interpret output timing. In-
termediate supervision is a further choice. It trains revealed positions during the trajectory, whereas
final supervision trains predictions at the selected endpoint. The streaming comparisons keep these
supervision choices explicit.

Generalization as a separate outcome. An in-distribution measurement uses a length within the
task’s training range. The corresponding generalization outcome uses longer inputs. Each model
receives the allowance prescribed by its own schedule at those lengths. The prediction comparison
asks whether measurements available at training lengths order models in a way that agrees with their
later accuracy. It requires both measurements for the same model. Models missing either value are
omitted from that association calculation. This comparison concerns differences between models,
whereas the frontier describes progress within a model. Keeping these units distinct prevents a fast
local computation from being equated with reliable extrapolation.

5 THE LINEAR COMPUTATION FRONTIER

We first ask whether repeated updates reveal a coherent pattern of progress. The decoded prefix pro-
vides a direct answer for many of the successful group-task models. Early positions become correct
before later positions. The boundary between these regions advances across successive loops. Many
analyzed models resolve a prefix at an approximately constant speed across the measured in-
put lengths. The trajectories and their recorded rates appear in Appendix Figure 3 and Table 1. This
frontier describes observable progress without assigning a unique internal implementation.

The frontier also shows how additional loops affect incomplete computation. At a fixed input length,
budget-starved models often fail first at later positions. Allowing more updates can extend the
correct prefix into those positions. Continued iteration can eventually change answers that were
already correct. The loop sweeps in Appendix Table 10 show both behaviors. A useful account of
test-time computation must therefore track where progress occurs and when it ceases to help.

5.1 BUDGET DEPENDENCE

Training demand measures how many positions each allowed loop must resolve on average. We
vary the proportional loop allowance and ask whether this pressure changes the learned frontier
speed. For this comparison, the demand is the nominal reciprocal of the budget multiplier. The
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Figure 2: Learning a local operation and applying it along a chain. The group tasks differ in alge-
braic structure and local learning cost. The bracket refers to their fixed-group word problems. The
curriculum emphasizes pair composition before extending to longer chains. Check marks indicate
learning within the training range.

measured rate summarizes the recorded advance of the solved prefix. Appendix Table 11 gives the
fitted population and the exact aggregation protocol.

In the measurable S4 population, frontier speed grows approximately in proportion to training
demand. A tighter allowance is associated with faster progress per loop. A looser allowance admits
slower frontiers. This relationship concerns models with a measurable frontier under the archived
observation window. Training recipes also differ across parts of the sweep. The result supports a
relation between training pressure and observable dynamics within this population.

The schedule matters as well as its average demand. A logarithmic allowance becomes progressively
tighter as the training length grows. Its learned speed can fall short of the demand at the longest
stage. A proportional allowance instead maintains a consistent pressure across stages. Cross-task
controls show that the response also depends on the operation being composed. The corresponding
patterns on A5, parity, and Z60 do not establish the same precise scaling relation. These comparisons
make budget selection an empirical property of a task and training recipe.

5.2 CAPACITY AND CAUSAL CHECKS

A fast frontier requires useful composition within each shared update. We therefore vary block depth
and width under a demanding loop allowance. Deeper blocks advance farther than the shallowest
block in the tested S4 comparison. The wider cohort does not have a higher median speed. Other
training settings change with that cohort, so the comparison does not isolate width. Appendix Ta-
ble 12 records the settings and eligibility criteria. Block depth can expand the observed progress
per loop, but capacity alone does not order the outcomes across tasks. The non-monotone A5

depth results show that optimization remains part of this relationship.

To test whether the decoded frontier reflects consequential hidden states, we replace an intermediate
state with a state from another input. We then continue the same recurrence and measure damage
to the final answer. This intervention tests dependencies that a readout alone cannot establish. The
causal attention mask already prevents effects on earlier positions. The informative observation
concerns the organization of downstream damage.

In the selected S4 models, downstream damage follows a moving boundary consistent with the
decoded frontier. The effect of replacement depends on where and when the state is changed. Ap-
pendix Figure 5 shows these intervention maps. Recovery is a separate property. Some tested models
largely restore their final answers after particular replacements, while others retain the damage. Ap-
pendix Table 6 reports this final-readout diagnostic. The interventions support frontier-organized
dependencies in the selected models. They do not turn every observed frontier into a validated
circuit.
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5.3 LEARNING THE OPERATOR AND REUSING IT

A prefix product combines a local composition rule with its repeated application along the input. We
separate these demands with an operator-first curriculum (Figure 2). The model first spends longer
learning pair composition. Training then extends to longer chains. This choice is motivated by the
different optimization costs of learning the tested operators in isolation (Appendix Table 5).

Operator-first training learns S5 chains within the training range without establishing length
generalization. Its observed training success is higher than that of the compared free-training co-
hort. The curricula also differ in their step budgets, so this comparison does not isolate curriculum
order. On longer inputs, the learned frontier can advance into the sequence while exact-match accu-
racy remains low. Appendix Table 8 and Table 10 separate these outcomes.

This separation matters for interpreting algorithmic behavior. Learning the composition rule is a
local achievement. Applying it across trained chains is a further achievement. Maintaining a com-
plete solution on longer chains places an additional demand on the learned dynamics. A moving
frontier can reveal useful partial computation even when the final sequence is incorrect. Frontier
speed therefore complements competence measurements and cannot replace them.

5.4 STREAMING INPUT CONTROL

The free-input setting exposes the whole sequence before the first update. A model can therefore
use parallel information or a shortcut. Streaming instead reveals successive tokens over successive
loops. Later outputs must wait for the information they require. This provides a reference with an
explicit constraint on when an answer can become available.

The streaming control links output timing to information arrival, while its training outcomes
remain task dependent. Parity learns the training-length task under this release schedule. The
tested difficult group tasks do not reach comparable competence, including with supervision on in-
termediate prefixes. Appendix Table 8 reports the populations and outcomes. Streaming changes
input availability and attention masking together. It calibrates a release-limited timing profile with-
out showing that free-input models use the same computation.

5.5 WEIGHT-TYING CONTROLS

We next ask whether the findings depend on reusing weights. The control holds effective depth fixed
and varies the number of distinct weight groups. Full tying reuses a common group throughout.
Partial tying cycles through several groups. The fully untied model uses distinct weights at each
depth. We compare a fixed-width ladder with a parameter-matched ladder, which reduces width as
more groups are introduced.

The effect of weight reuse depends on the parameter constraint, and partial tying can outper-
form full tying. Untying is mildly beneficial in parts of the fixed-width comparison. With param-
eters matched, the fully untied models extrapolate less successfully than some tied configurations.
Appendix Table 9 contains the complete ladder. The results support weight reuse as a useful bias
in these settings while leaving the best degree of sharing task dependent. Learned-position controls
also retain observable frontiers and extra-loop rescue within their supported position range. These
observations locate the behavior more precisely than an architectural claim about recurrence alone.

6 ANNEALING THE BUDGET CHANGES FRONTIER DYNAMICS

The budget comparison above trains separate models. We next test whether an existing model
changes its dynamics after the allowance changes. Budget transfer starts from a trained checkpoint
and continues training under a different loop schedule. This intervention keeps a learned starting
point while changing the pressure on each subsequent update.

A changed budget can alter frontier speed without producing a complete solution under the
new allowance. Transfer to a tighter schedule accelerates the measured frontier in the tested group
models. The accelerated prefix still falls short of the full sequence at the target budget. Transfer in
the reverse direction produces successful training-length solutions in the evaluated S4 population.
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Saved trajectories in that direction also show slower measured frontiers. Appendix Table 2 gives
both outcomes and the available trajectory coverage.

The distinction is between adapting an existing partial computation and solving the target task. A
faster rate can be a meaningful response to training even when it is insufficient for completion.
Conversely, relaxing the allowance can support a complete answer without preserving the original
speed. These observations motivate measuring the trajectory again after transfer instead of assuming
that a checkpoint retains a fixed computational pace.

6.1 A CANDIDATE STOPPING RULE

A roughly constant frontier speed suggests a practical allocation rule. Estimate speed at training
lengths and allow enough loops to cover the requested sequence. We add slack to accommodate
variation around that estimate. This gives the candidate budget T ⋆ = ⌈n/v̂⌉ + s, where v̂ is the
estimated speed and s is the slack.

Frontier speed can guide a test-time loop allowance within a model’s observed operating range.
The archived comparison evaluates this rule against stored schedule references and the best accuracy
observed in a finite loop sweep (Appendix Figure 4). The rule can improve on the reference for
selected models. Its usefulness depends on whether the frontier continues to advance. Stalling
can make the estimated budget too short. Changes after completion can make a larger allowance
harmful. The rule allocates a sequence-level budget from prior measurements. It does not detect
convergence separately for each input.

7 PREDICTING GENERALIZATION FROM IN-DISTRIBUTION MEASUREMENTS

We finally ask whether measurements at training lengths contain information about performance on
longer inputs. The comparison uses frontier speed and prefix completion as progress measurements.
It also includes adjacent-state cosine similarity, alignment between sampled local Jacobian actions,
and agreement between outputs reached from different initial states. These baselines describe state
similarity or initialization dependence. They do not themselves establish a hidden-state fixed point.

All predictors use lengths within each task’s training range. Generalization is the average per-token
accuracy at the evaluated longer lengths. The corrected comparison uses a common observation
window for frontier speed and each model’s native allowance for completion. Its speed estimator
therefore differs from the archived budget-fit estimator. Appendix Table 3 specifies these protocols
and restricts each association to available paired measurements.

The association between trajectory measurements and length generalization depends on the
task. Frontier speed and completion associate positively with longer-input accuracy in the evaluated
group-task pairs. Parity shows a different pattern. Similarity measurements also carry information,
including an association whose direction reverses across the group-task settings. The comparison
therefore does not establish uniform superiority of progress measurements. Choosing a score’s
direction after seeing the longer-input outcomes would overstate its predictive value.

These are associations within the observed populations. A deployed predictor would need its score
direction and selection rule fixed before evaluating new models. The external prefix-sums check
adds a complementary accuracy test. Successful models extrapolate over a limited length range, but
that experiment has no saved frontier-speed measurement. Appendix B reports it as evidence about
competence rather than a further test of the budget relation.

8 CONCLUSION

Training budgets are linked to observable iterative progress in the studied looped transform-
ers. The clearest relation is the approximately proportional response of measurable S4 frontier speed
to training demand. State interventions support frontier-organized dependencies in selected models.
Curriculum and transfer studies distinguish this progress from learning a local operator and com-
pleting a task. Together, these findings motivate reading the evolving computation before allocating
further loops. They also keep length generalization as a separate outcome to measure. Appendix H
discusses the scope of this interpretation.
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AI USE STATEMENT

Generative AI assistants were used to refine the research framing and hypotheses; provide feedback
on experimental methodology; implement and revise training, evaluation, and analysis code; help
formulate and check mathematical statements and proof text; interpret experimental results; and
draft and edit the manuscript. They also assisted with literature search, experimental parameters,
conceptual illustrations, figure preparation, and experiment orchestration. Synthetic task instances
and their labels are produced by explicit arithmetic and group-composition programs. Reported
empirical values are computed from executed experiments and stored artifacts. Verification included
CPU regression tests, native forward and sham-intervention controls, checkpoint and source hashes,
independent recomputation of the reported statistics, and separate code-to-evidence and manuscript-
to-evidence reviews. The supplementary artifacts distinguish the scope of each verification from
the experimental claims. The authors are responsible for the final text, claims, code, and results,
including all AI-assisted contributions.

ETHICS STATEMENT

The experiments concern synthetic prefix-computation tasks and an existing algorithmic prefix-sum
benchmark. They do not involve human participants or personal data. The released summaries
identify their conditioning populations and retain the relevant model denominators. The findings
concern the tested model scales, tasks and finite lengths; they do not establish performance or safety
guarantees for deployed language models. Third-party datasets and software retain their original
distribution terms.

REPRODUCIBILITY STATEMENT

Section 2 specifies the models, tasks and training budgets; Section 4 distinguishes the recorded tim-
ing and frontier estimators. Appendix G gives training settings and cohort membership, Appendix F
specifies calibration and measurement conventions, and Appendix E states the assumptions and
proofs. The supplementary archive separates the original recorded evaluations from subsequent
corrected-protocol checks. It contains compact numerical evidence, source hashes, executable mea-
surement code and verification scripts. Full checkpoints, individual prediction tensors and the ex-
ternal benchmark dataset are not bundled. Historical and corrected observations are labeled by their
estimator, window and conditioning population rather than silently pooled.
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A EMPIRICAL EVIDENCE

A.1 FRONTIER SPEEDS AND BUDGET DEPENDENCE

Table 1: Frontier rates by training budget. Each model’s rate is the standard median over available
n ∈ {16, 32, 64}; the table then takes the standard median across models [range]. Models are rate-
measurable/attempted; A5 additionally requires exact match > .5 at n = 32, T = 32. The last
column is the median final solved-prefix fraction at n = 64 over the stated cohort, including models
without a rate, at T = 64 (proportional) or T = 22 (log). A rate need not describe linear motion on
Z60. Cohort membership is in Appendix G.1.

Group Budget (demand n/T ) models rate frac.@64

S4 S T = 2n (0.5) 3/4 0.51 [0.51, 0.52] 0.54
S4 S T = n (1) 2/2 1.00 [1.00, 1.00] 0.71
S4 S T = n/2 (2) 4/4 2.00 [1.93, 2.13] 0.10
S4 S T = n/4 (4) 2/2 3.80 [3.60, 4.00] 0.00
S4 S log-T (mixed) 16/16 2.00 [1.86, 2.42] 0.30
S4 M log-T (mixed) 4/4 1.88 [1.86, 1.88] 0.36
S4 L log-T (mixed) 4/4 2.66 [2.09, 3.33] 0.07
A5 S T = n, horizon 5/16 1.00 [0.86, 1.03] n/a
S5 M op.-first, T = n 2/2 1.00 [1.00, 1.00] 0.28
Z60 S log-T (mixed) 8/8 2.08 [1.82, 5.17] n/a

Figure 3: Per-(loop, position) accuracy heatmaps at n=32 (blue. Solved; red line. Contiguous
solved prefix). These selected trajectories show an approximately linear decoded frontier at n = 32
under different training budgets. Tight log-T training yields v ≈ 2.4 (left; a fast-end seed of the
log-T cell, median 2.0), T=n training yields exactly v=1.0 (middle), T=n/2 yields v≈2.1 (right).

The archived fit uses 23 measurable S4 models from 27 attempted arms, at eight eligible nominal
demands spanning 8×. Its endpoint-rate exponent is 0.98± 0.04 (95% normal-approximation inter-
val; R2=0.99; Fig. 4), with v = 0.995 d0.983. Here d = 1/m is nominal demand, rounded to three
decimals in the fitting script; realized demand is n/⌈mn⌉. One rate per run aggregates n ∈ {16, 32}
in the archived Tobs = 40, 64 windows (one earlier n = 32 trajectory uses 80 loops). It supports
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approximate proportionality in this sweep, rather than an exact equality or a theorem that optimiza-
tion selects the slowest possible solution. The fit is conditional on a measurable frontier. None of
the three T=3n attempts contributes a rate, and three of four T=2n attempts do. Family-specific
curricula and stage allowances also vary. Under the log-T schedule, demand rises across curricu-
lum stages and speed under-delivers at the long end. A consistent demand of 4 can instead produce
speeds near 4 at the same model scale.

Frontier evaluation windows. At loop t, the frontier is the longest prefix whose positions each
have batch accuracy at least .9. The archived endpoint rate is defined when at least two positive
increments exist. Its endpoints are the loop before the first increment and the loop of the last incre-
ment. General frontier evaluations use Tobs = min{64,max[16, ⌊2.5Tbase(n)⌋]}. For proportional
schedules Tbase = n independently of multiplier m. This window is not generally 2.5 times the
training allowance. The depth study applies the completion gate stated with Table 12.

Figure 4: Archived budget fit (left) and candidate loop allocation (right). The fit uses 23 rate-
measurable models from 27 attempted S4 arms. Exponent 0.98±0.04, R2 = 0.99, nominal demand
1/m (dashed. v = d). Right. ⌈n/v̂⌉ + 2 (blue), finite-sweep oracle (green), and stored T = n
reference (grey). For m = .5, the reference is twice the native training budget; these are finite-
sweep comparisons.

A.2 STATE REPLACEMENT

Recipients are drawn from 192 inputs and conditioned on a correct clean final output (at least 32
retained). Donors are selected by one random batch permutation at the same position and loop;
self-pairs and unsolved donors are allowed. Damage is the fraction of clean-solved recipients made
incorrect at each position. The t > i subset is a coordinate proxy for a passed frontier and need not
equal a measured per-model convergence boundary. Recovery is a separate property. A5 models
have mean self-damage on the t > i grid subset ≤ .02 in 4/5 tested seeds, while the representative
tight-budget and operator-first models retain more corruption (Table 6).

Figure 5: Causal intervention maps for the selected S4 models. Total downstream damage follows
the decoded frontier in these models. Zero upstream damage follows from the causal mask.
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A.3 BUDGET TRANSFER

The forward transfers use the first four seeds for each group. At the target budget n = 32, T = 8,
their per-token accuracies range from .606 to .614 for A5 and from .72 to .73 for S4. The reverse
S4 transfer uses n = 32, T = 32. Its final task evaluation covers four models, while only two
have saved frontier trajectories. The archived stopping comparison tests slack s ∈ {0, 2, 4} and
plots s = 2. Its proportional reference is T = n, including the model trained with m = .5. That
reference is not the latter model’s native training schedule. The oracle is the best observed value in
the recorded finite loop sweep.

Table 2: Budget transfer and training-length exact-match success. Success means exact match > .5
at n = 32 under the target schedule. T = 8 for log-T and T = 32 for proportional schedules.
Transfer rows use seeds 0 to 3. Rates are standard medians over saved frontier measurements; only
two reverse-transfer models have such measurements. Cohort provenance is given in Appendix G.1.

Arm target budget success v before v after

A5 transfer T = n → log 0/4 1.0 1.96
S4 transfer T = n → log 0/4 1.0 2.38
S4 transfer log → T = n 4/4 n/a 1.12 (2 models)

A.4 PREDICTION AT TRAINING LENGTHS

We race strictly in-distribution frontier and similarity measurements against mean per-token ac-
curacy at n ∈ {64, 128} under native schedules, across three 16-seed single-recipe populations.
Group-task predictors use n = 32; parity uses n = 16, its actual training cutoff. The corrected
comparison retains finite complete pairs. 16 for S4, 7 for A5, and 16 for parity. The remaining A5

OOD outcomes are unavailable rather than zero. We report tie-aware Spearman and raw-score AU-
ROC with a within-cell median outcome split; these are observed associations, not a fitted predictor
evaluated on independent seeds.

For this corrected race, head measurements use 1,024 ID inputs per model, similarity probes use 128,
and each OOD endpoint uses 1,024. The frontier rate ends at the first attainment of the observed
maximum prefix in a common 4n window, requiring at least two positive increments; completion
is read at the native schedule (T = 8, 32, 16 for the three cells). This differs from the archived
endpoint-rate protocol in Eq. 4. Similarity measurements use n = 16. Adjacent-state cosine,
shared-probe JVP alignment at sampled transition pairs, and output agreement between noniden-
tical initializations (AA). They do not establish a hidden fixed point.

Table 3: Corrected strictly-ID comparison. Spearman ρ (tie-corrected raw-score AUROC). Com-
plete pairs number 16/7/16 for S4/A5/parity, with 8/8, 3/4, and 8/8 positive/negative outcomes
above/below-or-at the within-cell median. ID lengths are 32/32/16; OOD lengths are 64, 128.
Parity completion is constant (undefined ρ, AUROC .50). AA denotes output agreement across ini-
tializations (Anil et al., 2022a).

Metric at ID length S4 log-T A5 T=n parity T=n

frontier rate [head] +0.81 (0.82) +0.63 (1.00) −0.08 (0.61)
completion at native budget +0.80 (0.76) +0.95 (1.00) n/a (0.50)
cosine (adjacent) −0.00 (0.45) +0.50 (0.67) −0.04 (0.36)
sampled-JVP alignment −0.65 (0.09) +0.64 (0.75) −0.04 (0.44)
AA / path agreement +0.51 (0.66) +0.45 (0.67) +0.13 (0.53)

Score orientation. Reversing a score replaces AUROC A by 1−A. The sampled-JVP values are
.09375 and .90625 in the two orientations for S4. The corresponding A5 values are .75 and .25.
These are algebraic transformations rather than new experiments. Score orientation must be fixed
without using held-out outcomes.
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B OPEN-BENCHMARK VALIDATION

On the community easy-to-hard prefix-sums benchmark (Schwarzschild et al., 2021) (official 32-bit
training split, official 512-bit test set), we compare accuracy across the same loop-schedule families
(Table 4). Under the T=n budget, successful seeds extrapolate to four times the training length at
near-perfect exact-match accuracy; the seed-to-seed variance replicates; and the log-T arm fails at
512 bits. No saved ETH frontier-speed artifact is available, so this experiment tests accuracy extrapo-
lation rather than the budget relation quantitatively. Exact-match accuracy falls sharply between 128
and 256 bits, short of the 512-bit extrapolation of convolutional Deep Thinking networks (Bansal
et al., 2022). Convolutional locality is one possible explanation, but architecture, training, and eval-
uation settings differ across studies. Our experiment establishes the shorter observed range, not its
architectural cause. Full 10,000-example re-evaluation gives exact match .9853/.9585 at n = 128
for proportional seeds 2/3, and zero at n = 512 for all eight models. Small nonzero outcomes
include .0017 for proportional seed 3 at n = 256 and .006 for log seed 0 at n = 64.

Table 4: Easy-to-hard prefix sums (official 32-bit training split). Exact-match accuracy by length
and seed. The n = 32 column uses the final logged training evaluation; longer lengths use archived
512-example test evaluations. Full-split re-evaluation is summarized above.

Arm n=32 n=64 n=128 n=256 official 512

T=n, seed 2 1.00 1.00 1.00 0 0
T=n, seed 3 1.00 1.00 0.96 0 0
T=n, seed 0 (failed) 0.00 0 0 0 0
T = n, seed 1 (failed) 0.01 0 0 0 0
log-T , seed 0 1.00 0 0 0 0
log-T , seed 1 0.18 0 0 0 0
log-T , seed 2 0.05 0 0 0 0
log-T , seed 3 0.42 0 0 0 0
DT-Recall + prog. loss (Bansal et al., 2022) reported > 97% at 512 bits (separate setting)

C EXTENDED RELATED WORK

Looped models and their mechanisms. Universal Transformers (Dehghani et al., 2019) tie weights
across depth. Other architectures share parameters (Lan et al., 2020; Hutchins et al., 2022; Csordás
et al., 2022; Tan et al., 2023; Csordás et al., 2024; Bae et al., 2025). Open models scale this idea
(Huginn-3.5B, Geiping et al., 2025; Ouro, Zhu et al., 2025). Latent chain-of-thought moves rea-
soning into activations (Hao et al., 2024), while small recursive networks solve puzzles by itera-
tion (Wang et al., 2025; Jolicoeur-Martineau, 2025). Looped transformers can be programmed to
simulate graph algorithms (Giannou et al., 2023; Back de Luca & Fountoulakis, 2024). Their rea-
soning performance can rival deep non-looped models (Saunshi et al., 2025). Constructions length-
generalize on n-RASP-L tasks (Weiss et al., 2021; Zhou et al., 2024; Fan et al., 2024) and emulate
iterative solvers (Yang et al., 2023; Gatmiry et al., 2024). Blayney et al. (2026) study state conver-
gence and attention stabilization in Ouro and Huginn. Huginn approaches a fixed point while Ouro
need not. Attention stabilizing with the state motivates our tail-saturation analysis. Lens studies
find limited latent-CoT structure in Huginn (Lu et al., 2025). Our per-loop decode extends logit-lens
readouts (nostalgebraist, 2020; Belrose et al., 2023) along the loop axis. Kohli et al. (2026) patch
states at (position, iteration) granularity in toy recurrent-depth models, localizing retrieval and com-
position. We pair finite-range output stabilization with targeted interventions on controlled group
tasks. Activation patching supports circuit discovery in fixed-depth models (Vig et al., 2020; Geiger
et al., 2021; Meng et al., 2022; Wang et al., 2023; Hanna et al., 2023; Conmy et al., 2023; Yao
et al., 2024); we apply it along loops. Feature-level tracing (Ameisen et al., 2025) and compiled
ground-truth circuits (Lindner et al., 2023) are complementary. Deterministic attribution using only
identical tail states and local Jacobians inherits our fixed-point limitation. Earlier-loop tracing can
remain informative. Path independence, or convergence to input-determined fixed points, predicts
upward generalization in deep equilibrium models (Bai et al., 2019; Anil et al., 2022a). Recall-style
training promotes it (Bansal et al., 2022). We use asymptotic alignment as a baseline and measure
how training pressure shapes convergence.
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A measurement analogy from systems neuroscience. Decoding identifies when information becomes
readable. Perturbations test evolving states’ causal roles and recovery (Churchland et al., 2012;
Mante et al., 2013; Li et al., 2016). We borrow this experimental logic without asserting biological
equivalence. τ measures decodable-output stabilization; state patching tests causal dependencies.

Complexity, expressivity, and imposed step-indexing. Under the cited bounded-precision and archi-
tecture assumptions, fixed-depth transformers sit in TC0 (Merrill et al., 2022; Merrill & Sabharwal,
2023); Strobl et al. (2024) surveys these results. Solvable-group automata admit learned constant-
depth shortcuts. Non-solvable groups (S5, A5) admit none unless TC0 = NC1 (Liu et al., 2023;
Barrington, 1989). The backdrop is Krohn-Rhodes theory and the fine structure of NC1 (Krohn &
Rhodes, 1965; Barrington & Thérien, 1988). Log-depth looped transformers use associative scans
(Merrill & Sabharwal, 2025; Sanford et al., 2024); fixed-depth SSMs fail S5 state tracking (Merrill
et al., 2024). This ladder defines our hardness axis. Parity has constant-depth solutions (Chiang &
Cholak, 2022), overcoming a soft-attention limitation (Hahn, 2020), yet length-generalizable learn-
ing remains hard (Bhattamishra et al., 2020; Delétang et al., 2023; Hahn & Rofin, 2024). Our claims
therefore concern training selection rather than architectural capacity. Length generalization in stan-
dard transformers depends on positional encoding and input format (Anil et al., 2022b; Kazemnejad
et al., 2023; Lee et al., 2024; McLeish et al., 2024). Scratchpads externalize intermediate state (Nye
et al., 2021; Wei et al., 2022; Dziri et al., 2023). Chain of thought extends constant-depth models
through serial token-space computation (Feng et al., 2023; Merrill & Sabharwal, 2024; Li et al.,
2024; Goyal et al., 2024; Pfau et al., 2024). Loops provide an activation-space channel without
additional parameters. Halting and allocation policies determine its compute budget (Elbayad et al.,
2020; Schuster et al., 2022; Snell et al., 2025). Iteration-wise supervision aligns loops with CoT
steps (Yu et al., 2026). CLRS-style hints align processor iterations with algorithm steps (Veličković
et al., 2022; Ibarz et al., 2022), following the Neural GPU (Kaiser & Sutskever, 2016). Hint-free
models can instead learn parallel strategies (Rodionov & Prokhorenkova, 2023). Our streaming
arm imposes step structure architecturally; the free-input arms test whether it emerges without this
constraint.

Group operations as a mechanistic testbed. Grokked networks implement Fourier or coset circuits
for modular and permutation arithmetic (Power et al., 2022; Nanda et al., 2023; Zhong et al., 2023;
Chughtai et al., 2023; Stander et al., 2024). Induction heads are sequence-processing primitives
(Elhage et al., 2021; Olsson et al., 2022). Fixed-depth reasoners perform depth-bounded parallel
search, caching intermediate states at token positions (Brinkmann et al., 2024; Wang et al., 2024;
Cabannes et al., 2024). We study when loops compose operators along a sequence, rather than the
circuit for g ◦ h.

Table 5: Recorded optimization cost. First logged training step with per-token accuracy ≥ .98 on
pair composition (n=2). Costs differ across these operators; one scale up (M), the S5 operator that
takes 11k steps at S is learned in 6.5k steps.

S4 (|G|=24) Z60 A5 (|G|=60) S5 (|G|=120)

scale S ∼0.5k 2.5k ∼4k 11k
scale M 0.5k 2.0k 2.0k 6.5k

Table 6: Repair diagnostic. Mean self-damage after resampling a state using grid cells with t > i, a
coordinate proxy for a passed frontier. Low/high denote small/persistent final-readout damage. A5

T=n column. Survey over the five cracked seeds with retained checkpoints.
A5 T=n (5 seeds) S4 log S4 T=n/2 S5 op-first

self-damage on t > i cells .00 through .02 (4/5); .10 (1/5) .95 .96 .99

D EXPLORATORY NEURON INTERVENTIONS

Shared-weight edits affect every recurrence and cannot isolate one step. We use activation inter-
ventions while distinguishing localization from editing (Hase et al., 2023). The archived loop-
preference control permuted loop firing probabilities before computing Shannon entropy. Entropy
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is permutation-invariant, so this control cannot support its claim of no loop specialization. A cor-
rected per-example loop-shuffle null finds temporal firing alignment in almost all active units of four
representatives. Alignment is not causal specialization.

The archived clamps remain descriptive perturbation results. Twelve selected FFN neurons per
model were clamped to their window mean at every token position outside a nominal five-loop
window around their peak, clipped at the rollout boundaries. On solved clean inputs, summed po-
sitional damage exceeded .1 for 10/12 clamps in the log-budget S4 model, versus 1/12 for the
T = n S4 model and 0/12 for the tested A5 and operator-first S5 models. The largest log-budget
S4 damage was 7.04 summed positions. These selected-model comparisons do not establish a gen-
eral budget-redundancy law or identify loop-specialized neurons. Later held-out, duration-matched
clamps likewise show model- and dose-dependent effects, without establishing such a law.

E TAIL BLINDNESS. FORMAL STATEMENT

Proposition 2 (Exact form). Let G : RN×d → RN×d be the loop map G(h) = Fθ(h, e) for a
fixed input embedding e, assume G is differentiable at the tail state, and suppose the trajectory
ht+1 = G(ht) reaches a fixed point. ht = h⋆ for all t ≥ τ⋆, with τ⋆ ≤ T − k, using a fixed
deterministic readout. Then. (i) for any j ≥ τ⋆ and any k ≤ T − j, skipping loops j, . . . , j+k−1
(i.e., outputting GT−j−k(hj) in place of GT−j(hj)) leaves the final state, and hence the decoded
output, unchanged; (ii) Jt := ∂G/∂h

∣∣
ht = Jτ⋆ for all t ≥ τ⋆, so any similarity functional of local

Jacobians is constant on the tail; (iii) for a fixed deterministic feature encoder E and an attribution
rule that depends only on activations zt = E(ht) and local linearizations at ht (without explicit
loop-index or remaining-horizon dependence), the resulting quantities coincide for t ≥ τ⋆. The
coincidence in (i) through (iii) does not uniquely identify the preceding computation; the Jacobian
still constrains local first-order behavior.

Proof. (i) G(h⋆) = h⋆ implies Gm(hj) = h⋆ for every m ≥ 0 when hj = h⋆; both branches output
h⋆. (ii) through (iii) are immediate since all quantities are functions of the (constant) tail state. Thus
these equalities concern the stationary suffix, without identifying a unique earlier computation.

Proposition 3 (Approximate form). Suppose G is L-Lipschitz on a set containing the compared
trajectories and ∥G(ht) − ht∥ ≤ ϵ on the measured tail. If k loops are skipped from loop j, where
j ≥ τ⋆ and 0 ≤ k ≤ T − j, then the difference between the original and skipped final states obeys

∥GT−j(hj)−GT−j−k(hj)∥ ≤ LT−j−k∥Gk(hj)− hj∥ ≤ kϵLT−j−k.

If L < 1, the sharper bound is ϵLT−j−k(1 − Lk)/(1 − L). Under the same L < 1 condition, if
G is differentiable and its Jacobian is M -Lipschitz on this set, then, for s ≥ t ≥ τ⋆, ∥Js − Jt∥ ≤
Mϵ(1− Ls−t)/(1− L).

Proof. Apply Lipschitz continuity to the common T − j − k remaining iterates, then telescope
Gk(hj) − hj over the k omitted updates. For L < 1, successive update norms are bounded by
ϵ, Lϵ, . . . , Lk−1ϵ, which yields the geometric sum. The same argument gives ∥hs − ht∥ ≤ ϵ(1 −
Ls−t)/(1− L); apply the M -Lipschitz property of the Jacobian.

These are state-space bounds. Unchanged decoded labels additionally require a sufficient readout
margin, and continuous attribution statistics require their own continuity assumptions.

Small empirical update norms do not establish contraction. The propositions describe measurements
under their explicit assumptions; we do not claim that all evaluated trajectories satisfy them. Models
that deteriorate under additional loops fall outside an exact-fixed-point interpretation.
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F CALIBRATION PROTOCOL AND PILOT DETAILS

Archived timing convention. Let ŷti be the label decoded from state ht. The stored diagnostic
uses zero-based indices for the T post-update states h1, . . . , hT .

τarchived(n, i) = min{k ∈ {0, . . . , T − 1} : ŷt+1
i = ŷTi ∀t ∈ {k, . . . , T − 1}}, (5)

τarchived,max(n) = mediansolved inputs max
0≤i≤n

τarchived(n, i). (6)

Here i = 0 is the BOS position. The archived maximum includes its unsupervised readout; archived
calibration statistics use this convention and the lower sample median over solved inputs. The su-
pervised convention in Eq. 3 excludes BOS and uses the ordinary sample median. Fits over solved
lengths are finite-range diagnostics, not asymptotic complexity classifications.

For the corrected check, τsup(n, i) is the first completed update t ∈ {1, . . . , Tnative} after which
all recorded labels at supervised position i ∈ {1, . . . , n} equal its final label. We take the ordinary
median of max1≤i≤n τsup(n, i) over final-solved inputs. At least 16/256 solved inputs are required
per cell. Across the five native lengths 8, 16, 32, 64, 128, this gives 223 eligible model-length cells
and median τsup,max/Tnative = 0.28125; the archived 144-cell, .71 summary is not reproduced.
These values use a different mask, indexing convention, and horizon protocol from the archived
calibration.

Table 7: Archived pilot, calibration, and endpoint-fit summaries, except the explicitly corrected
target-only timing row (Appendices F and G). Archived ranges and slopes are not revalidated by the
corrected timing protocol; their original intervals retain their scope.

Measurement Population or condition Reported value

Pilot exact match 64 models; ID / OOD range 1.00 / 0.00 through 1.00
Within-recipe OOD spread Parity, NoPE, injection; n = 32 0.20 through 1.00
Jacobian alignment ID all-pair probes; 64 pilots 0.85 through 0.99
Similarity association Cosine/JVP vs. n = 32, by task max |ρ| ≈ 0.323
Corrected timing / horizon 223 eligible model-length cells median τsup,max/Tnative =

0.28125
Streaming parity slope dτmax/dn, eight models median 1.00; range 1.00 through

1.02
Log-budget Z60 fit M, seed 1; n = 8, 16, 32 linear 0.24; log2 3.0
Fixed-budget parity slope Narrow solved range 0.39 through 0.41

The Jacobian range in Table 7 uses the archived ID all-pair probe mean (id.jac all) over all 64
pilot models.

The within-recipe example in Table 7 uses parity, NoPE, input injection, proportional loops, and
seeds 0 to 3 at n = 32, T = 32 (exact-match range .1973 through .9971). The similarity row
uses cosine and sampled-JVP measures versus native-schedule n = 32 accuracy within each task.
The Z60 calibration example is scale M, seed 1. τmax = 1, 4, 7 at n = 8, 16, 32, giving ordinary
least-squares slopes .2411 against n and 3.0 against log2 n.

Archived τ calibration (legacy mask and indexing). These slopes retain their historical protocol; the
corrected native-horizon summary in Table 7 does not revalidate them. Streaming parity (release-
limited control). Median dτmax/dn = 1.00 across eight models (range 1.00 through 1.02). Fixed-T
parity (budget-bounded). Local slopes 0.39 through 0.41, correctly capped by T . Proportional-
T parity. Slopes 0.50 through 0.70, ordered with seed-level generalization. Learned-PE models,
which fail beyond training length, yield fewer than three solved lengths and are reported as out of
instrument range rather than assigned a class. Per-length τ requires at least 16/256 solved inputs;
a slope is reported only with at least three eligible lengths; for tight-budget models that fail exact
match at long n, frontier speed v (measured per length) substitutes, as in §7.

A valid omission starts from hj and applies T − j − k remaining updates. The corrected pilot re-
evaluation covers all 64 checkpoints and passes 576 replay controls, with no replay or update-count
errors. Phase-conditioned retention remains descriptive. For an autonomous map, the total executed
updates determine the output, so phase strata alone do not localize causation.
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The 64-model pilot’s archived single-skip diagnostic is excluded. Starting from ht+1 and applying
T − 1 − t updates returns hT . Thus 1.0 retention in all 50 eligible models reflects identity re-
play. The timing code’s multi-loop routine correctly skips updates but does not validate those pilot
values. Pilot cosine and Jacobian comparisons aggregate trajectory states rather than exclusively
post-convergence tails. This limits their empirical use of Proposition 1.

Table 8: Control outcomes from the archived evaluations. Training success, length generalization,
and intervention directionality are distinct measurements.

Control Reported reading

State resampling 2 S4 models, 56 grid locations each; upstream effect excluded
by causal mask

A5 length contrast successful archived models have exact match 0 at twice training
length

S5 operator-first 10/10 trained-length successes; exact match ≤ .001 at twice
training length

S5 free-training replications scale L (∼ 13.26M) and learned PE. Exact match .00, 2 seeds
each

Streaming parity training-length exact match ≥ .999, 8/8; at 4× length. 0
through .998

Streaming, final-only A5. 2/2 failed; S5. 8/8 failed; per-token ≤ .09
Streaming plus prefix supervision A5. 2/2 failed; S5. 4/4 failed; per-token ≤ .09

G TRAINING AND EXPERIMENT DETAILS

G.1 COHORT PROVENANCE

The archived S4 fit uses 23 measurable models among 27 attempted multiplier configurations. Its
model-level rate aggregates lengths n = 16, 32. The A5 frontier cohort uses a5v2 seeds 0 through
15. Five meet training-length exact match > .5 and seven have a recorded rate. The pooled A5

scratch cohort combines a5v2 seeds 0 through 15, 18, and 19 with a5chain seeds 0 through 7. It
has 8/26 training successes. Seeds 100 and 101 form a separate replication with 1/2 successes. The
S5 operator-first population combines the earlier seeds 0 and 1 with the later seeds 0 through 7. The
success count appears in Table 8. Only the earlier pair has the rates in Table 1. Other speed rows
use consecutive seeds beginning at 0. Their cohort sizes appear in Table 1. Copied artifacts are not
counted again.

G.2 EXACT TASK DEFINITIONS

The archived free-training S5 medium-scale cohort succeeds at the training length in 3/4 models.
Its training allocation differs from operator-first training. The streaming schedule reveals token i
from loop i− 1 onward and uses T = n+ 2.

For decimal digits d1, . . . , dn listed least significant first, increment has target

yi =

di +
∏
j<i

1{dj = 9}

 mod 10.

The empty product equals one. The generator prevents overflow by leaving a non-nine digit beyond
the controlled leading chain. A group is solvable when repeatedly taking its commutator subgroup
eventually reaches the identity subgroup. A commutator aba−1b−1 measures failure to commute.
S4 is noncommutative but solvable, whereas S5 and A5 are non-solvable. Solvable groups admit
constant-depth solutions in the circuit model of Liu et al. (2023). The non-solvable group word
problems considered here are NC1-complete (Barrington, 1989). These statements concern circuit
complexity rather than the ease of learning a target from examples.

Architecture. Pre-norm transformer blocks, 4d FFN, GELU; weight-tied across loops; input injec-
tion via a learned linear adapter on [h; e]; readout head on LN(hT ). Scales. S (2 layers, d=128, 4
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heads, ∼0.44M params), M (2L, d=256, 8H, ∼1.72M), L (4L, d=512, 8H, ∼13.16M on S4); counts
vary with vocabulary. The S5 large model has ∼13.26M parameters. Untied control U12 (12 distinct
layers, T=2, depth-matched to S at T=12); block-depth ladder D1/D4/D8 (d=128, 4 heads, 1/4/8
layers, tied). NoPE throughout except the learned-PE arms.

Training. AdamW, lr 3×10−4 (2×10−4 for L), weight decay 0.01, grad clip 1.0, batch 256 (128
for L). Deeper tied blocks at loose budgets are lr-sensitive. The D8 and L demand-1 cells of Ta-
ble 12 use lr 10−4 and 7×10−5 respectively (at the default lr they reach high mean accuracy but
with ragged frontiers or late divergence). Length curriculum with stages nmax ∈ {4, 8, 16, 32}
(6k through 12k steps each), promotion at per-token accuracy ≥ 0.98 after at least 500 steps;
a stage also advances when its step budget expires. Lengths are sampled uniformly within a
stage. Loop schedules. Log (T=⌈log2 n⌉+3, jitter ±1), prop (T=⌈n · m⌉ for multiplier m ∈
{0.25, 0.33, 0.5, 0.67, 0.75, 1, 1.5, 2, 3}), fixed (T=12), streaming (T=n+2). Horizon curriculum
(used for chained A5/S5). The per-position loss is truncated to the first h positions, h ramping 4→
nmax within each stage. Operator-first S5 curriculum. Stages 2:20k, 4:10k, 8:10k, 16:10k, 32:12k
at scale M. Annealing arms warm-start from a converged checkpoint of the source schedule and
re-train under the target schedule with stages 16:6k, 32:8k.

Population sizes. 64 pilot models; 56-configuration Stage-2 grid (S5/S4/Z60× scales × 4 seeds +
streaming arms); expansion to 16 seeds in the three race cells; controls (A5, matched-order; untied;
learned-PE; T -multiplier; streaming±deep supervision; operator-first; annealing); 8 easy-to-hard
models; 44-configuration depth-width grid with lr controls (Table 12) and S5 wall replications at
scale L and with learned PE. Experiments use RTX 3090 hardware. Model-level configurations
provide the inventory; counts can overlap when checkpoints are reused.

Table 9: Tying-degree control at fixed effective depth 12 (G weight groups cycled; mean per-token
accuracy at n=64, 3 seeds per cell). With parameters matched, G = 2 outperforms full tying; the
fully untied S4 model is worst in this ladder. The A5, G ≥ 3 cells retain short prefixes near two
positions. A two-position prefix with chance accuracy elsewhere predicts 2/64 + (1− 2/64)/60 ≈
.0474, about 2.84× the chance floor.

G=1 (tied) G=2 G=3 G=4 G=6 G=12 (untied)

S4
const. width .21 .27 .30 .30 .32 .26
param-matched .21 .28 .27 .26 .25 .15

A5
const. width .10 .23 .17 .25 .23 .15
param-matched .10 .15 .05 .05 .05 .05

Tying-degree control. Table 9 reports the per-token accuracies behind the tying ladder of §5.

Table 10: Rescue surface and overthinking. Archived mean per-token accuracy vs. test-time loops T
(saved three-decimal evaluation aggregates over the first three sorted seeds, or fewer if unavailable,
without success filtering). The ETH row includes two failed models and one successful run. Tight-
budget (log-T ) groups are rescued by T beyond their training budget and then degrade; operator-first
S5 reaches near-perfect per-token accuracy at n=32; Z60 and annealed models collapse sharply past
their operating range.

test loops T
Group n 4 8 12 16 24 32 48

S4 log S 32 0.382 0.688 0.947 0.969 0.907 0.846 0.780
S4 log S 64 0.213 0.365 0.517 0.632 0.655 0.599 0.552
S4 log L 32 0.384 0.788 0.957 0.859 0.741 0.686 0.644
S5 op-first M 32 0.134 0.259 0.384 0.510 0.756 0.994 0.992
S5 op-first M 64 0.071 0.134 0.197 0.258 0.382 0.507 0.640
transfer A5 p→l 32 0.327 0.612 0.861 0.758 0.326 0.255 0.243
Z60 log S 32 0.348 0.748 0.858 0.741 0.284 0.124 0.082
ETH prop (mixed success) 32 0.579 0.633 0.715 0.730 0.756 0.760 0.769

Rescue surface. Table 10 reports the test-time-loop sweep behind the rescue and overthinking claims
of §5.
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Budget-law fit. The regression in Figure 4 uses 23 measurable scale-S S4 models from 27 at-
tempted multiplier arms (families s4v2/s4v4/s4v7). Nominal demand 1/m is the regression
predictor; curricula and stage allowances are not identical across families. Log-schedule, learned-
PE, annealed, and larger-scale models are excluded. Table 11 retains the archived endpoint fit
v ∝ d0.98±0.04 (R2=0.99). A separate common-4n re-evaluation gives first-passage exponent .907
(R2 = .983), or 1.182 (R2 = .932) with the last-increment endpoint. These sensitivity fits change
the observation protocol and do not replace the archived estimator or its table.

Table 11: Points in the budget-law fit. Standard median rate over n ∈ {16, 32} within a model, then
across models at each demand. The same 23 model-level rates determine the regression.

nominal demand 1/m 0.50 0.67 1.00 1.33 1.49 2.00 3.03 4.00
seeds 3 3 2 3 3 4 3 2
median v 0.46 0.77 1.00 1.29 1.41 2.00 3.05 3.89

G.3 DEPTH AND WIDTH RECONSTRUCTION

Table 12 reconstructs depth and width comparisons (§5). Report the standard median rate over
model-length cells at n ∈ {16, 32} with peak prefix completion at least .85. Prefix positions require
batch accuracy at least .90. The gate uses peak completion within Tobs = 40, 64, not the training
allowance. Depth and scale cohorts use two seeds per cell. At demand one, the eight-layer and
large-model rows use separate lower-rate cohorts. Their default-rate counterparts pass 0/4 cells.
The one-layer demand-four cell includes an extra lower-rate configuration.

Table 12: Frontier speed by block depth and width on S4 (median v [range] over seeds and test
lengths n ∈ {16, 32}; 2 seeds per cell plus learning-rate controls where noted). At demand four, the
one-layer cohort has one eligible n = 16 cell and no eligible n = 32 cells; deeper blocks advance
farther. The wider four-layer cohort has a lower median here but differs in other training settings.
The marker n/a denotes cells outside these dedicated cohorts.

Block (width × layers) demand 1 demand 4

128× 1 0.98 [.93, 1.00] 1/6 cells pass; n = 32. 8/32 to 13/32
128× 4 1.03 [1.00, 1.07] 4.67 [4.00, 5.33]
128× 8 1.00 [1.00, 1.03]† 4.95 [4.00, 5.33]
256× 2 1.00 [1.00, 1.03] n/a
512× 4 1.02 [1.00, 1.07]† 3.60 [3.11, 5.33]

†at lr 10−4 (128× 8) and 7×10−5 (512× 4); at the default lr these cells train to high mean accuracy but the
frontier is ragged or training diverges late. On A5 at demand 1 the 128× 4 cell fails to learn at every lr tried

(0/5 models across 3 learning rates); the 128× 1 and 128× 8 cohorts succeed in 2/2 and 1/2 models,
respectively. These counts reuse seed values across learning rates.

Easy-to-hard protocol. Official 32-bit training split (10,000 examples) with random prefix crops
n ∈ [4, 32] for the length curriculum; evaluation on the official 512-bit test split and on generator-
matched intermediate lengths; NoPE, scale S, 12k steps.

Metrics. Exact match = all supervised positions correct; per-token accuracy over supervised posi-
tions. Generalization outcome in §7. Mean per-token accuracy at n ∈ {64, 128} under the schedule-
matched loop budget, recomputed uniformly from checkpoints. Statistics. Tie-aware Spearman;
partial correlations by residual rank regression on adjacent-loop cosine.

H DISCUSSION AND SCOPE

Frontiers describe readable progress over measured lengths. Stable outputs need not imply fixed
hidden states. Timing depends on the window and correctness criterion. The budget relation is
clearest for measurable S4 models. Training, curriculum costs, and trajectory coverage limit univer-
sal or uniquely mechanistic interpretations. Matched budgets and independent populations would
test transfer. Rescue values are rounded aggregates. Original rescue evaluation draws, full check-
points, and external datasets are not bundled.
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